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a b s t r a c t
The dynamic system of anisotropic elasticity from three second order partial differential
equations is written in the form of the time-dependent first order symmetric hyperbolic
system with respect to displacement velocity and stress components. A new method of
deriving the time-dependent fundamental solution of the obtained system is suggested
in this paper. This method consists of the following. The Fourier transform image of the
fundamental solution with respect to a space variable is presented as a power series
expansion relative to the Fourier parameters. Then explicit formulae for the coefficients of
these power series are derived successively. Using these formulae the computer calculation
of fundamental solution components (displacement velocity and stress components arising
from pulse point forces) has been made for general anisotropic media (orthorhombic and
monoclinic) and the simulation of elastic waves has been obtained. These computational
examples confirm the robustness of the suggested method.
© 2010 Elsevier B.V. All rights reserved.
1. Introduction
Numerous significant problems of structuralmechanics, geophysics andmaterial sciences are closely related to studies of
wave propagations in continuous anisotropic elasticmedia. Themain core of these problems consists in the determination of
displacement and stress fields induced by impulsive loading as well as calculations of the behavior of structures subjected
to sudden shocks. If elastic waves arise from an impulsive force concentrated at the fixed point then the computation of
the displacements and stresses at the points nearby the source is complicated because the displacements and stresses are
generalized functions. Themathematical model of themotion of homogeneous anisotropic elastic media is presented by the
dynamic system of equations of linear theory of elasticity [1–5]. This system consists of three partial differential equations
of the second order with constant coefficients [1–3,6–8]. Fundamental solutions play an important role in solving problems
for the system of anisotropic elastodynamics.
The analytical computation of the explicit formulae for fundamental solutions in homogeneous isotropic linearly elastic
solids offers no difficulty (see, for example, [9–12]). But this is not the case for general homogeneous anisotropic media.
The fundamental solutions for anisotropic elasticmedia have been studied in [13–28] and other authors. The fundamental
solutions of anisotropic elasticity in the papers mentioned above are either approximations or they have complicated
mathematical forms which are difficult to evaluate numerically. Most of the approaches for finding the time-dependent
fundamental solutions are related with the Fourier–Laplace presentation in a wave-vector-frequency space. The oscillatory
nature of the Fourier–Laplace representation and the principal value calculation at the singularities create computational
difficulties.
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An interesting approach of finding fundamental solutions by the Radon transform for 3D and 2D time-domain
elastodynamics has been suggested in [29]. They found fundamental solutions in the form of a surface integral over a unit
sphere for 3D case. Physically, the integral can be interpreted as superpositions of plane waves propagating in all directions.
The resulting expression has a complicated form containing the integration over the slowness surface.We note that for some
anisotropicmaterials (cubic, transversely isotropic) fundamental solutions can be evaluated numerically using this approach
(see, [29]). In the paper of Tewary [30] the formula for the time-dependent fundamental solution in 3D anisotropic elastic
infinite solids has been derived by the Radon transform and solving the Christoffel equation in terms of the delta function.
The computational advantages of this method and the method of Wang, Achenbach [29] are as follows: it does not require
integration over frequency, the integration is made over two out of three variables. However, the method of Tewary [30]
calculates numerically the transient displacement field due to a point source in an infinite anisotropic cubic solids. The
numerical realization of this method for general anisotropic elastic solids (triclinic, monoclinic, etc.) is questionable because
the computation of the weight function in the obtained Radon representation is not clear for the general case.
The computation of fundamental solutions for general linear equations of elastodynamics with three space and one
time variables has been obtained only for particular cases of anisotropy (cubic, isotropic, transversely isotropic, orthotropic
structures) [29–37]. The computation of the fundamental solutions in such anisotropic elastic media as trigonal, monoclinic,
triclinic has not been achieved so far.
In our paper we suggest a new method for the computation of fundamental solutions for general anisotropic media. We
use the followingway for deriving the time-dependent fundamental solution. The second order partial differential equations
of elastodynamics are written in the form of the first order symmetric hyperbolic system with respect to the displacement
velocities and stresses. A method of deriving the fundamental solution for this symmetric hyperbolic system is the main
object of this paper. This method consists of the following. The Fourier transform image of the fundamental solution with
respect to space variables is presented as a power series expansion relative to the Fourier parameters. This presentation is
based on the properties of generalized solutions of the initial value problems for the symmetric hyperbolic system and the
Paley–Wiener theorem. Then explicit formulae for the coefficients of these power series are derived successively. The inverse
Fourier transform of the obtained Fourier image of the fundamental solution as 3D integration over a bounded domain has
been implemented numerically. As a result of this integration we find the fundamental solution in a regularized form. This
regularized form of the fundamental solution belongs to the class of classical functions and has finite values for any space
and time variables. Let us note that the fundamental solution of the motion equations for indefinite isotropic solids can
be given by explicit formulae. We use these formulae for the evaluation of our method. Using our method the computer
calculation of fundamental solution components (displacement velocity and stress components arising from pulse point
forces) has been made and the simulation of elastic waves has been obtained in general anisotropic media (orthorhombic
and monoclinic).
We note here that the approach to reduce the second order system of elastodynamics in frequency domain for isotropic
heterogeneous media into a system containing the partial derivatives of the first order has been applied in [38]. The first
order system obtained in [38] is written in a matrix form with non-symmetric matrix coefficients.
This paper is organized as follows. In Section 2 equations of anisotropic elastodynamics are written in a classical form
of a second order system of partial differential equations. The reduction of this system to a symmetric hyperbolic system
of the first order partial differential equations is given in Section 3. The fundamental solution for the obtained symmetric
hyperbolic system and the original second order anisotropic system of elasticity is described in Section 4. In Section 5 the
method of deriving the explicit formulae for all columns of the fundamental solution of the symmetric hyperbolic system
of elasticity is given. The implementation and justification of the computational procedure is described in Section 6. The
examples of the computer calculation of components of the fundamental solution of the symmetric hyperbolic system of
elasticity and the simulation of elastic waves arising from a pulse point force in general anisotropic media (orthorhombic
and monoclinic) are presented in Section 7. Appendix A is devoted to some properties of the fundamental solution of the
symmetric hyperbolic system of elasticity. The information about regularization of some singular generalized functions
presented in the form of the inverse Fourier transform of classical functions is given in Appendix B.
2. Equations of anisotropic elastodynamics
Let x = (x1, x2, x3) ∈ R3. We assume that R3 is an elastic medium, whose small vibrations
u(x, t) = (u1(x, t), u2(x, t), u3(x, t))∗,
where ∗ is the sign of transposition, are governed by the system of partial differential equations
ρ
∂2ui
∂t2
=
3−
j=1
∂Tij
∂xj
+ fi, x = (x1, x2, x3) ∈ R3, t ∈ R, i = 1, 2, 3, (1)
where ρ > 0 is the density of the medium; f = (f1, f2, f3)∗ is an external force, fi = fi(x, t), i = 1, 2, 3; fi(x, t) is a given
function.
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Stresses Tij = Tij(x, t) are defined as
Tij =
3−
k,l=1
cijkl
∂uk
∂xl
, i, j = 1, 2, 3, (2)
where {cijkl}3i,j,k,l=1 are the elastic moduli of the medium.
It is convenient and customary to describe the elastic moduli in terms of a 6 × 6 matrix according to the following
conventions relating a pair (i, j) of indices i, j = 1, 2, 3 to a single index α = 1, 2, . . . , 6:
(1, 1)↔ 1, (2, 2)↔ 2, (3, 3)↔ 3
(2, 3), (3, 2)↔ 4, (1, 3), (3, 1)↔ 5
(1, 2), (2, 1)↔ 6.
(3)
This correspondence is possible due to the symmetry properties cijkl = cjikl = cijlk. The additional symmetry property
cijkl = cklij implies that the matrix
C = (cαβ)6×6, (4)
of all moduli is symmetric, where α = (ij), β = (kl). We will assume also that ρ > 0, cijkl are constants and the matrix
C = (cαβ)6×6 is positive definite.
3. Reduction of (1) to a symmetric hyperbolic system
Using the symmetry properties of the elastic moduli and rule (3), relation (2) can be written as
Tα = cα1 ∂u1
∂x1
+ cα6 ∂u1
∂x2
+ cα5 ∂u1
∂x3
+ cα6 ∂u2
∂x1
+ cα2 ∂u2
∂x2
+ cα4 ∂u2
∂x3
+ cα5 ∂u3
∂x1
+ cα4 ∂u3
∂x2
+ cα3 ∂u3
∂x3
, α = 1, 2, . . . , 6. (5)
Here
T = (T1, T2, T3, T4, T5, T6)∗.
Let
Ui = ∂ui
∂t
, i = 1, 2, 3, (6)
Y =

∂U1
∂x1
,
∂U2
∂x2
,
∂U3
∂x3
,

∂U3
∂x2
+ ∂U2
∂x3

,

∂U3
∂x1
+ ∂U1
∂x3

,

∂U2
∂x1
+ ∂U1
∂x2
∗
,
U = (U1,U2,U3)∗. (7)
Differentiating (5) with respect to t and using vectors T and Ywe have
∂T
∂t
= CY, (8)
where C is defined by (4). Multiplying (8) by the inverse of C , denoted C−1, we find
C−1
∂T
∂t
− Y = 0. (9)
Eq. (9) can be written in the form
C−1
∂T
∂t
+
3−
j=1
(A1j )
∗ ∂U
∂xj
= 0, (10)
where
A11 =
−1 0 0 0 0 0
0 0 0 0 0 −1
0 0 0 0 −1 0

, A12 =
0 0 0 0 0 −1
0 −1 0 0 0 0
0 0 0 −1 0 0

,
A13 =
0 0 0 0 −1 0
0 0 0 −1 0 0
0 0 −1 0 0 0

. (11)
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Using the notation mentioned above, the left-hand side of (1) can be written as
ρ
∂2u
∂t2
= ρ ∂U
∂t
. (12)
Now let us consider the term
∑3
j=1
∂Tij
∂xj
in the right-hand side of (1). Taking into account the symmetry properties of the
elastic moduli and the rule (3) we have
3−
j=1
∂T1j
∂xj
= ∂T1
∂x1
+ ∂T6
∂x2
+ ∂T5
∂x3
,
3−
j=1
∂T2j
∂xj
= ∂T6
∂x1
+ ∂T2
∂x2
+ ∂T4
∂x3
,
3−
j=1
∂T3j
∂xj
= ∂T5
∂x1
+ ∂T4
∂x2
+ ∂T3
∂x3
.
Using these equations and (12) Eqs. (1) can be written as
ρ
∂U
∂t
+
3−
j=1
(A1j )
∂T
∂xj
= f. (13)
Relations (10) and (13) can be presented by a single system as
A0
∂V
∂t
+
3−
j=1
Aj
∂V
∂xj
= F, x ∈ R3, t ∈ R, (14)
where
V = (U1,U2,U3, T1, T2, T3, T4, T5, T6)∗,
A0 =
[
ρI3 03,6
06,3 C−1
]
, Aj =
[
03,3 A1j
(A1j )
∗ 06,6
]
,
F = (f, 06,1)∗.
(15)
Here Im is the unit matrix of the order m × m and 0l,m is the zero matrix of the order l × m, matrices A1j , j = 1, 2, 3, are
defined by (11).
We note that the matrix A0 is symmetric positive definite and matrices A1j , j = 1, 2, 3 are symmetric. Therefore system
(14) is a symmetric hyperbolic system (see, for example, [39,40]). In our paper we call the first order partial differential
equation system (14), the symmetric hyperbolic system of elasticity (SHSE) and the second order system (1), the anisotropic
elastic system (AES).
4. Fundamental solutions of SHSE and AES
The fundamental solution of SHSE (14) is defined as a matrix G(x, t) of the order 9 × 3 whose columns Vm(x, t) =
(Vm1 (x, t), . . . , V
m
9 (x, t))
∗ satisfy
A0
∂Vm
∂t
+
3−
j=1
Aj
∂Vm
∂xj
= Emδ(x)δ(t), x ∈ R3, t ∈ R, (16)
Vm |t<0 = 0, (17)
where m = 1, 2, 3; E1 = (1, 0, 0, 0, 0, 0, 0, 0, 0)∗, E2 = (0, 1, 0, 0, 0, 0, 0, 0, 0)∗, E3 = (0, 0, 1, 0, 0, 0, 0, 0, 0)∗; δ(t)
is the Dirac delta function with support at t = 0; δ(x) is the Dirac delta function with respect to space variables, i.e.
δ(x) = δ(x1)δ(x2)δ(x3); matrices A0, Aj, j = 1, 2, 3, are defined by (11), (15).
Remark 1. The fundamental solution of the system of the form (14) with a vector function F(x, t), whose nine components
are arbitrary functions for t ≥ 0 and equal to zero for t < 0, can be defined as a matrix G(x, t) of the order 9× 9 for which
the formula
V (x, t) =
∫ ∞
−∞
∫ ∞
−∞
∫ ∞
−∞
∫ ∞
−∞
G(x− ξ, t − τ)F(ξ , τ )dξ1dξ2dξ3dτ (18)
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gives a solution of (14). Here ξ = (ξ1, ξ2, ξ3) ∈ R3, x = (x1, x2, x3) ∈ R3, t ∈ R. Using the fact that the first three components
of
F = (f1(ξ , τ ), f2(ξ , τ ), f3(ξ , τ ), 0, . . . , 0)∗
of SHSE (14) are nonzero and other components are identically equal to zero we find that columns of G(x, t) started from
fourth do not have any influence on the solution V (x, t) defined by (18). Therefore the fundamental solution of SHSE (14) is
naturally defined as a matrix G(x, t) of the order 9× 3 for which the formula
V (x, t) =
∫ ∞
−∞
∫ ∞
−∞
∫ ∞
−∞
∫ ∞
−∞
G(x− ξ, t − τ)f(ξ , τ )dξ1dξ2dξ3dτ
gives a solution of SHSE (14), where f(ξ , τ ) = (f1(ξ , τ ), f2(ξ , τ ), f3(ξ , τ ))∗ is 3D vector column. We note also that each
column of the fundamental solution G(x, t) of SHSE (14) satisfies (16), (17).
A fundamental solution of AES (1) is defined as a matrix E(x, t) of the order 3 × 3 whose columns um(x, t) =
(um1 (x, t), u
m
2 (x, t), u
m
3 (x, t))
∗ satisfy Eqs. (1) for fi = δmi δ(x)δ(t). Here δmi is the Kronecker symbol, i.e. δmi = 1 if i = m
and δmi = 0 if i ≠ m; i = 1, 2, 3;m = 1, 2, 3; δ(x) = δ(x1) · δ(x2) · δ(x3) is the Dirac delta function concentrated at
x1 = 0, x2 = 0, x3 = 0; δ(t) is the Dirac delta function concentrated at t = 0.
Remark 2. If the fundamental solution G(x, t) of SHSE (14) is given (found) then the elements of the fundamental solution
E(x, t) of AES (1) can be computed by the following formulae
umj (x, t) =
∫ t
0
Vmj (x, τ )dτ , m = 1, 2, 3; j = 1, 2, 3. (19)
5. Deriving the fundamental solution of SHSE
In this section we derive the explicit formulae for all components of the fundamental solution G(x, t). The derivation
of fundamental solution columns have the following steps. In the first step Eqs. (16)–(17) are written in terms of Fourier
transform with respect to space variables x1, x2, x3 and then the images V˜m(ν, t) of the Fourier transform of Vm(x, t) are
found in the form of the power series with respect to 3D Fourier parameter ν ∈ R3 with unknown coefficients depending
on the time variable t . We obtain recurrence relations for unknown coefficients in the next step. Using these relations all
power series coefficients are derived explicitly. Applying the inverse Fourier transform to the found formulae for V˜m(ν, t)
we obtain explicit formulae for each column Vm(x, t) of the fundamental solution G(x, t) in the last step.
5.1. Symmetric hyperbolic system in terms of Fourier transform
Let V˜m(ν, t) be the Fourier transform image of Vm(x, t)with respect to x = (x1, x2, x3) ∈ R3, i.e.
V˜j
m
(ν, t) = Fx[Vmi ](ν, t), j = 1, 2, . . . , 9,
where
Fx[Vmj ](ν, t) =
∫ ∞
−∞
∫ ∞
−∞
∫ ∞
−∞
Vmj (x, t)e
ix·νdx1dx2dx3, ν = (ν1, ν2, ν3) ∈ R3,
x · ν = x1ν1 + x2ν2 + x3ν3, i2 = −1.
Eqs. (16)–(17) can be written in terms of the Fourier image V˜m(ν, t) as follows:
A0
∂V˜m
∂t
− i(ν1A1 + ν2A2 + ν3A3)V˜m = Emδ(t), t ∈ R, (20)
V˜m(ν, t) |t≤0 = 0, ν ∈ R3. (21)
Using the matrix formalism in MATLAB we construct a non-singular matrix T and a diagonal matrix D with real-valued
elements such that
T ∗A0T = I, (22)
T ∗A3T = D, (23)
where I is the identity matrix, T ∗ is the transposed matrix to T . The technique of this diagonalization can be found in [41].
We find a solution of (20) and (21) in the form
V˜m(ν, t) = T (Xm(ν, t)+ iYm(ν, t)), (24)
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where thematrix T satisfies relations (22)–(23). Vector functionsXm(ν, t) and Ym(ν, t) are unknown. Substituting (24) into
(20)–(21) and multiplying by T ∗ from the left-hand side and using relations (22)–(23) we find
∂Xm
∂t
+ ν1BYm + ν2CYm + ν3DYm = T ∗Emδ(t), Xm(ν, t) |t≤0 = 0, (25)
∂Ym
∂t
− ν1BXm − ν2CXm − ν3DXm = 0, Ym(ν, 0) |t≤0 = 0 (26)
whereB = T ∗A1T and C = T ∗A2T .
5.2. Explicit formula for a solution of IVP (20), (21)
Using properties of the fundamental solution (see Appendix A) the vector functions Xm(ν, t), Ym(ν, t) can be written as
Xm(ν, t) =
∞−
n=0
∞−
p=0
∞−
k=0
(Xm)n+1,p+1,k+1(t)νn1ν
p
2ν
k
3, (27)
Ym(ν, t) =
∞−
n=0
∞−
p=0
∞−
k=0
(Ym)n+1,p+1,k+1(t)νn1ν
p
2ν
k
3. (28)
Substituting these series into (25)–(26) we have
∂(Xm)1,1,1
∂t
= 0, (Xm)1,1,1(t) |t=0 = T ∗Em.
∂(Xm)n+1,p+1,k+1
∂t
+B(Ym)n,p+1,k+1 + C(Ym)n+1,p,k+1 +D(Ym)n+1,p+1,k = 0, n, p, k = 0, 1, . . . ,
(Xm)n+1,p+1,k+1(t) |t=0 = 0, n, p, k = 0, 1, . . . ; n+ p+ k ≠ 0 (29)
and
∂(Ym)n+1,p+1,k+1
∂t
−B(Xm)n,p+1,k+1 − C(Xm)n+1,p,k+1 −D(Xm)n+1,p+1,k = 0, n, p, k = 0, 1, . . . ,
(Ym)n+1,p+1,k+1(t) |t=0 = 0, n, p, k = 0, 1, . . . (30)
where
(Xm)0,r,s(t) = 0, (Xm)l,0,s(t) = 0, (Xm)l,r,0(t) = 0,
(Ym)0,r,s(t) = 0, (Ym)l,0,s(t) = 0, (Ym)l,r,0(t) = 0, l, r, s = 0, 1, 2, . . . .
Solving IVP (29)–(30) we have the following recurrence relations
(Xm)1,1,1(t) = T ∗Em, (Ym)1,1,1(t) = 0,
(Xm)n+1,p+1,k+1(t) =
∫ t
0
{−B(Ym)n,p+1,k+1 − C(Ym)n+1,p,k+1 −D(Ym)n+1,p+1,k}(τ )dτ
(n, p, k = 0, 1, 2, . . . ; n+ k+ p ≠ 0), (31)
(Ym)n+1,p+1,k+1(t) =
∫ t
0
{B(Xm)n,p+1,k+1 + C(Xm)n+1,p,k+1 +D(Xm)n+1,p+1,k}(τ )dτ (n, p, k = 0, 1, 2, . . .). (32)
Using the recurrence relations (31)–(32) unknown vector coefficients
(Xm)n+1,p+1,k+1, (Ym)n+1,p+1,k+1, n, p, k = 0, 1, . . .
are determined.
Substituting the obtained vector coefficients into the series (27)–(28) we find the solution of systems (25)–(26) and then,
using (24), the solution V˜m(ν, t) of (20), (21).
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5.3. Explicit formula for a solution of IVP (16)–(17)
Let V˜m(ν, t) be the solution of (20), (21). The solutionVm(x, t) = (Vm1 (x, t), . . . , Vm9 (x, t))∗ of IVP (16)–(17) is determined
by the inverse Fourier transform of V˜m(ν, t), i.e. by the formula:
Vm(x, t) = θ(t)
(2π)3
∫ ∞
−∞
∫ ∞
−∞
∫ ∞
−∞
V˜m(ν, t)e−ix·νdν1dν2dν3, (33)
where θ(t) is the Heaviside step function, i.e. θ(t) = 1 for t ≥ 0 and θ(t) = 0 for t < 0.
From (24), we obtain the following relation
V˜m(ν, t)e−ix·ν = T Xm(ν, t) cos(x · ν)+ T Ym(ν, t) sin(x · ν)+ iT Ym(ν, t) cos(x · ν)− T Ym(ν, t) sin(x · ν). (34)
Taking into account that components of the vector function Vm(x, t) as well as components of vector functions T Xm(ν, t)
and T Ym(ν, t) have real values, the imaginary part of the right-hand side of (33) is equal to zero. As a result of it we find
from (33) and (34) the following formula for themth column of the fundamental solution of SHSE:
Vm(x, t) = θ(t)
(2π)3
∫ ∞
−∞
∫ ∞
−∞
∫ ∞
−∞

T Xm(ν, t) cos(x1ν1 + x2ν2 + x3ν3)
+ T Ym(ν, t) sin(x1ν1 + x2ν2 + x3ν3)

dν1dν2dν3. (35)
6. Computational experiments: implementation and justification
For the computation of the fundamental solution of SHSE we use formula (35) and then we derive the fundamental
solution of ASE by (19). Formula (35) contains 3D integral over the whole space R3. We replace this integral by the integral
over the bounded domain (−A, A) × (−A, A) × (−A, A), where number A is chosen by the empirical observation on the
singular terms of the fundamental solution corresponding to the isotropic elastic media which is described in Appendix B.
We note also that terms Xm(ν, t) and Ym(ν, t), appearing in (35), are presented in the form of triple series (27), (28) with
an infinite number of terms. We replace these triple series by sums with a finite number of terms of the form
N−
n=0
N−
p=0
N−
k=0
(Xm)n+1,p+1,k+1(t)νn1ν
p
2ν
k
3,
N−
n=0
N−
p=0
N−
k=0
(Ym)n+1,p+1,k+1(t)νn1ν
p
2ν
k
3, (36)
where number N is chosen by the following natural logic. An explicit formula for the fundamental solution of isotropic
elastodynamics as well as an explicit formula for its Fourier transform image with respect to space variables are well
known [42]. Thus the formula for the Fourier transform image of the first column of this fundamental solution has the
form
uˆ1(ν, t) = (uˆ11(ν, t), uˆ12(ν, t), uˆ13(ν, t)),
where
uˆ11(ν, t) =
θ
ρ|ν|3

sin(CT |ν|t)
CT
(ν22 + ν23 )+
sin(CP |ν|t)
CP
ν21

,
uˆ12(ν, t) =
θ(t)
ρ|ν|3 ν2ν1

sin(CP |ν|t)
CP
− sin(CT |ν|t)
CT

,
uˆ13(ν, t) =
θ(t)
ρ|ν|3 ν3ν1

sin(CP |ν|t)
CP
− sin(CT |ν|t)
CT

.
Here elasticmoduli for the isotropicmediumare defined as cijkl = λδjiδlk+µ(δki δlj+δliδkj ), whereµ andλ are Lameparameters;
δ
j
i is the Kronecker symbol; C
2
P = (λ+ 2µ)/ρ, C2T = µ/ρ.
On the other handwe can find the first column of the Fourier transform image of the fundamental solution by ourmethod
using formulae (27)–(28),where triple serieswith an infinite number of terms are replaced by sums (36)with a finite number
of terms. We have chosen N such that the difference between the components of uˆ1(ν, t) and the components of u˜1(ν, t)
computed by our method was negligible (of the order 10−4) when |νj| < A, j = 1, 2, 3. The similar has been done for the
second and third columns of this fundamental solution. As a result we have obtained the suitable values, A ≥ 40 andN ≥ 60.
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For the justification of these values and evaluation of our method we have used the following properties of the
fundamental solution of isotropic elastodynamics:∫ ∞
−∞
∫ ∞
−∞
u11(x1, x2, x3, t)dx1dx2 =
1
2ρCT
θ(CT t − |x3|),
∫ ∞
−∞
u11(x1, x2, x3, t)dx1 =
1
2πρCT
θ(CT t −

x22 + x23)
C2T t2 − x22 − x23
,
where u11(x1, x2, x3, t) is the first element of the first column of the fundamental solution of isotropic elastodynamics.
For the illustration we have considered the isotropic elastic material silica (SiO2) characterized by µ = 3.12, λ = 1.61
(1010 Pa), ρ = 2.203 (103 kg/m3) (see, for example, [43], p. 163). Using reasoning described abovewehave chosen numbers
A = 45 and N = 90 and then applied our method based on formulae (35), (19). As a result of it we have computed
V 11 (x1, x2, x3, t) and u
1
1(x1, x2, x3, t). After that we have derived integrals∫ ∞
−∞
∫ ∞
−∞
u11(x1, x2, x3, t)dx1dx2,
∫ ∞
−∞
u11(x1, x2, x3, t)dx1. (37)
For the computation of the integrals we have used the natural property
u11(x1, x2, x3, t) = 0, if

x22 + x23 ≥ tCP , or |x3| ≥ tCP
and the integration has been taken over the bounded interval and the bounded domain. The results of the computation and
the comparison are presented in Fig. 1(a) and (b). In Fig. 1(a) we have computed the first integral in (37) for N = 60, A = 45,
t = 2. Fig. 1(a) gives 2D plot of this integral. Here the horizontal axis is x3. In Fig. 1(b) we have computed the second integral
in (37) for x2 = x3 = a,N = 60, A = 40, t = 0.5. Fig. 1(b) gives 2D plot of this integral. Here the horizontal axis is a.
7. Images of the elements of the fundamental solution of SHSE
The computational experiments of this section confirm the robustness of our method to produce images of the
elements of the fundamental solution of SHSE (14). These images are the simulation of wave propagations arising from
directional pulse point forces in general anisotropic media. We consider the following homogeneous elastic materials with
orthorhombic and monoclinic structures of anisotropy.
Orthorhombic crystal α-iodic acid (HIO3) (see [43]) has the following properties: ρ = 4.640 (103 kg/m3); and
c11 = 3.01, c12 = c21 = 1.61, c13 = c31 = 1.11,
c22 = 5.8, c23 = c23 = 0.80, c33 = 4.29,
c44 = 1.69, c55 = 2.06, c66 = 1.58, (1010 Pa)
other elements of the matrix C are equal to zero.
Monoclinic crystal AT-cut quartz (see [44]) has the density ρ = 2.649 (103 kg/m3); elements of the matrix C defined by
c11 = 8.67, c12 = c21 = −0.83, c13 = c31 = 2.71, c14 = c41 = −0.37,
c22 = 12.98, c23 = c23 = −0.74, c24 = c24 = 0.57 c33 = 10.28,
c34 = c43 = 0.99, c44 = 3.86, c55 = 6.88, c66 = 2.9, c56 = c65 = 0.25
(1010 Pa) and other elements of the matrix C are equal to zero.
In computational experimentswe compute the third column of the fundamental solution of SHSE (14), i.e. we takem = 3
in (16), (17). Using the matrix formalism from [41] the matrices T , T ∗,D have been computed in MATLAB. Further, using
formula (35) and procedures, described in Sections 5 and 6, we have derived values of V 3k (x, t), k = 1, 2, . . . , 9; i.e. all
components of the displacement speeds and stresses for each anisotropic material. We have used the following parameters
for the computations: A = 40 and N = 60.
Fig. 2(a)–(c) are the screen shots of 3D level plots of V3(x1, 0, x3, 0.25), V3(x1, 0, x3, 2) and V3(x1, 0, x3, 3.5). The
horizontal axes are x1 and x3. The vertical axis is the magnitude of V3(x1, 0, x3, t) for t = 0.25, 2, 3.5. Fig. 3(a)–(c) are
the screen shots of 2D level plots of the same surfaces V3(x1, 0, x3, 0.25), V3(x1, 0, x3, 2) and V3(x1, 0, x3, 3.5). This is a view
from the top of z-axis (the plan). Figs. 2 and 3 demonstrate dynamics of the wave propagation in the orthorhombic crystal.
Fig. 4(a)–(h) present 2D plots of Vk(x1, 0, x3, 3.5) (i.e. a view of the surface z = Vk(x1, 0, x3, 3.5) from the top of z-axis)
for k = 1, 2, 4, . . . , 9, corresponding to the orthorhombic crystal.
Fig. 5(a)–(h) contain 2D plots (a view from the top of z-axis) of z = Vk(x1, 0, x3, t), k = 1, 2, 4, . . . , 9 for t = 0.8
corresponding to the monoclinic crystal.
The obtained results of simulations give the information about fronts of elastic wave propagations and behavior of the
displacement speeds and stresses in elastic media with general structure of anisotropy (orthorhombic and monoclinic). We
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computed by our method and the exact values of I1(x2, x3, t) solution at
t = 0.5, x2 = x3 .
Fig. 1. Integral characteristics of u11(x, t) in the isotropic medium.
note here that for isotropic media we can get such kinds of information by explicit formulae for columns of the fundamental
solutions. These explicit formulae contain terms with singularities on the surface of characteristic cones in (x, t) space,
where x = (x1, x2, x3) is a 3D space variable and t is a 1D time variable. If the time variable is fixed then singularities are
located on the surfaces of spheres. These surfaces of spheres are fronts of elastic waves (longitudinal and transverse waves)
in isotropic media. There are three waves in the general anisotropic elastic media. One wave is quasi-longitudinal and two
waves are quasi-transverse [42]. The speed of the quasi-longitudinal is the biggest one. The results of the computational
experiments presented in Figs. 3–5 demonstrate configurations of the front traces of quasi-longitudinal waves for x2 = 0
and t = const. These front traces have very peculiar forms as comparedwith the isotropic case.We note that the front traces
of quasi-transverse waves are unrecognizable through other fluctuations arising in the disturbed domains.
8. Conclusions
In this paper dynamical equations of themotion of homogeneous elastic anisotropicmedia have beenwritten in the form
of the symmetric hyperbolic system of the first order partial differential equations. We have described the new method for
deriving all elements of the fundamental solution of the obtained symmetric hyperbolic system of elasticity. This method
is based on the modern achievements of computational algebra which allows us to make computer applications. We have
justified the suggested method using the explicit formula of the fundamental solution for the isotropic elastic media. The
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Fig. 2. Graphs of images of z = V 33 (x1, 0, x3, t) at t = 0.25, t = 2, t = 3.5 in the orthorhombic crystal; the horizontal axes are x1 and x3 , the vertical axis
is the magnitude of V 33 (x1, 0, x3, t).
computational experiments confirm the robustness of our method to produce images of the elements of the fundamental
solution of a symmetric hyperbolic system of elasticity. These images are the simulation of wave propagations arising from
directional pulse point forces in homogeneous elastic materials with orthorhombic andmonoclinic structures of anisotropy.
Appendix A. Properties of the fundamental solution
Using the information from the generalized functions (distributions) theory we explain here that the Fourier transform
of the fundamental solution of SHSE (14) with respect to space variables can be written in the form of 9× 3 matrix whose
elements are power series according to Fourier parameters ν1, ν2, ν3 and the coefficients of these power series are functions
depending on the variable t .
The existence of the fundamental solutions G(x, t) for differential operators (equations) with constant coefficients in the
class C([0, T ]; S ′(R3)) has been proved by [45,46]. Here S ′(R3) is the space of generalized functions with slow growth on the
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Fig. 3. Images of V 33 (x1, 0, x3, t) at t = 0.25, t = 2, t = 3.5 in the orthorhombic crystal; the view from the top of z-axis on the surfaces z = V 33 (x1, 0, x3, t)
(plan).
infinity (tempered distributions) [47]; C(R; S ′(R3)) is the class of mappings continuous in t and of the form t → Z(x, t) ∈
S ′(R3). If t is a parameter from R, then the fundamental solutionG(x, t) can be determined as a limit in S ′(R3) of the sequence
Gε(x, t) = Θ(t)Zε(x, t), where θ(t) is theHeaviside step function, i.e. θ(t) = 1 if t ≥ 0 and θ(t) = 0 if t < 0; ε is an arbitrary
positive parameter tends to zero and Zε(x, t) is 9 × 3 matrix whose columns Zmε (x, t) = ((Zmε )1(x, t), . . . , (Zmε )9(x, t)) are
solutions of the following Cauchy problem
A0
∂Zmε
∂t
+
3−
j=1
Aj
∂Zmε
∂xj
= 0, x ∈ R3, t > 0, (38)
Zmε |t<0 = Emωε(x), (39)
where ωε(x) is the infinitely differentiable function whose support is the sphere {x ∈ R3 : |x| ≤ ε} and ωε(x) is defined by
formula [47]
ωε(x) =
cε exp

− ε
2
ε2 − |x|2

, |x| ≤ ε;
0, |x| > ε.
Using the energy estimate for the initial value problem (38)–(39) (see, for example [40]) we can show that the solution
Zmε (x, t) has a finite support with respect to x from R
3 for any fixed t from R. Moreover, the support of Zmε1(x, t) lies in
the support of Zmε2(x, t) if 0 < ε1 ≤ ε2 and the support of G(x, t) is finite in R3 for any fixed t from R. Applying the
Paley–Wiener theorem [48] we obtain that the Fourier imageG(ν, t) of the Fourier transform with respect to x ∈ R3 of the
fundamental solution G(x, t) is a matrix whose elements are entire analytic functions with respect to the Fourier parameter
ν = (ν1, ν2, ν3) from R3 for any fixed t from R. This means that elements of G(ν, t) can be written in the form of the
convergent power series with respect to ν1, ν2, ν3 and the coefficients of this power series are functions depending on t
only.
Appendix B. A regularization of some singular generalized functions presented in the form of the inverse Fourier
transform of classical functions
An explicit formula of the fundamental solution of isotropic elastodynamics iswell known (see, for example, [42,12]). This
formula contains singular terms δ(CT − |x|)/(4πCTρ|x|) and δ(CP t − |x|)/(4πCPρ|x|), where C2T = µ/ρ, C2P = (λ+ 2µ)/ρ.
The supports of these singular terms are the characteristic cones tCT = |x| and tCP = |x|.
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(a) 2D plot of V 31 (x1, 0, x3, 3.5). (b) 2D plot of V
3
2 (x1, 0, x3, 3.5).
(c) 2D plot of V 34 (x1, 0, x3, 3.5). (d) 2D plot of V
3
5 (x1, 0, x3, 3.5).
(e) 2D plot of V 36 (x1, 0, x3, 3.5). (f) 2D plot of V
3
7 (x1, 0, x3, 3.5).
(g) 2D plot of V 38 (x1, 0, x3, 3.5). (h) 2D plot of V
3
9 (x1, 0, x3, 3.5).
Fig. 4. Images of the third column components of the fundamental solution of SHSE at t = 3.5, x2 = 0 in the orthorhombic crystal; the view from the top
of z axis on surfaces z = V 3j (x1, 0, x3, 3.5), j = 1, 2, 4, . . . , 9.
Usually the classical functions are defined by point-wise manner and we can draw their graphs. Unfortunately this
point-wise definition and its graphic presentation is not adequate to singular generalized functions [45,47,48]. For this
reason they are very often replaced by regularized functions which are classical and have graphic presentations. This
regularizationhas a parameter of the regularization and the singular generalized function is a limit in the sense of generalized
function space when the parameter of this regularization tends to +∞. For example, the singular generalized function
δ(CT t − |x|)/(4πCTρ|x|) can be regularized by
hA(x, t) = 1
(2π)3
∫ A
−A
∫ A
−A
∫ A
−A
sin(CT |ν|t)
ρCT |ν| e
−ix·νdν1dν2dν3, ν = (ν1, ν2, ν3) ∈ R3,
x = (x1, x2, x3) ∈ R3, t > 0, x · ν = x1ν1 + x2ν2 + x3ν3, i2 = −1. (40)
We note that
lim
A→+∞
1
(2π)3
∫ A
−A
∫ A
−A
∫ A
−A
sin(CT |ν|t)
ρCT |ν| e
−ixνdν1dν2dν3 = F−1ν
[
sin(CT |ν|t)
ρCT |ν|
]
(x)
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Fig. 5. Images of the third column components of the fundamental solution of SHSE at t = 0.8, x2 = 0 in the monoclinic crystal; the view from the top of
z axis on surfaces z = V 3j (x1, 0, x3, 3.5), j = 1, 2, 4, . . . , 9.
and F−1ν
[
sin(CT |ν|t)
ρCT |ν|
]
(x) = 1
4πCT |x|ρ δ(CT t − |x|).
Here F−1ν is the 3D inverse Fourier transform defined by
F−1ν [f˜ (ν)](x) =
1
(2π)3
∫ +∞
−∞
∫ +∞
−∞
∫ +∞
−∞
f˜ (ν)e−ix·νdν1dν2dν3, ν = (ν1, ν2, ν3) ∈ R3, x = (x1, x2, x3) ∈ R3.
The parameter of the regularization A has been chosen from empirical observations and natural logic related with isotropic
case. Namely, using formula (40) we compute and draw graphs of hA(x, t) for A = 5, A = 10, A = 15, A = 20 and so on. We
have observed that the difference between graphs corresponding to A = 40, A = 45, A = 50, A = 60 becomes very small,
i.e. the increment of the regularization for this parameter is not essential according to the case A = 40. For this reason we
choose A = 40 as a suitable parameter for hA(x, t) as the regularization of δ(CT t − |x|)/(4πCTρ|x|).
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